
THEORETICAL STUDY OF TUFiBULE.NT SALINE DIFFUSION 
I N  A COIYDUIT I N  CONTINUOUS SERVICE 

Roger L i h e  
- 

t 
(NASA CR &<X OR AD NUMBER) (CATEGORY) 

Y 

# 

Translation of "Etude the'orique de l a  d i f fus ion  sa l ine  
turbulente  en conduite en r6gime permanent." 

Comptes Rendus d e s  Se'ances de l'Acad6mie des Sciences, 
V O ~ .  244, pp. 1453-1455, 1957. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
WASHINGTON AUGUST 1964 





THEORETICAL STUDY OF TURBULENT SALIEE DIFFLTSION 
I N  A CONDUIT I N  CONTINUOUS SERVICE 

Roger L ibme  

ABSTRACT 

It i s  poss ib le  t o  solve t h e  equation of d i f fus ion  i n  a 
pipe by means of  approximation hypotheses. The so lu t ions  ob- 
ta ined  are e i t h e r  polynomials or Bessel functions,  depending 
on t h e  form of t h e  d i f fus ion  coe f f i c i en t  t h a t  i 
The p a r t i c u l a r  values are c lose  i n  both cases. 

During an experimental study of d i s t r i b u t i o n s  of concentrations and 
t h e i r  evolution i n  continuous operation, w e  came t o  inves t iga t e  a d i f f u -  
s ion  diagram according t o  t h e  c l a s s i c a l  model of t h e  Reynolds analogy. 
The equation i s  w r i t t e n  i n  reduced var iab les ,  t h e  lengths  being propor- 
t ioned t o  t h e  r ad ius  of t he  conduit a, and t h e  ve loc i ty  t o  t h e  f r i c t i o n a l  
ve loc i ty  Ux. 

i n  which 

x = t h e  abscissa measured along t h e  a x i s  of t he  conduit: E = x/a 
r = polar  radius:  z = r/a 
0 = polar  angle 
U = average ve loc i ty  
U/n = uX, f r i c t i o n a l  ve loc i ty  

~ ( z )  = l o c a l  ve loc i ty  
k = constant of t he  logarithmic l a w  of v e l o c i t i e s  
kl, k2, k 

c = l o c a l  concentration re la txve  t o  the  average d i l u t i o n  concentration. 

= reduced d i f fus ion  coe f f i c i en t s  i n  t h e  d i r e c t i o n s  z, 0, F 3 

The Reynolds analogy makes B t  poss ib le  t o  de f ine  k on t h e  basis of 1 
a given l a w  of d e f i c i e n t  ve loc i ty .  The simplest  hypothesis i s  t o  suppose 
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t h a t  k = k t h e  longi tudina l  d i f f u s i p n  k i s  then neglected before t h e  
2 1' 3 

convection term. Fina l ly ,  a uniform d i s t r i b u t i o n  of v e l o c i t i e s  i s  as- 
sumed, an admissible assumption f o r  d i s t r i b u t i o n s  of concentration wi th  
slow damping. 

- 
kl - Consider t h e  case of inadequate speed i n  logarithmic fo.rm; 

kz (1-z) , equation (1) becomes 

The use of Four i e r ' s  method w i l l  result  i n  so lu t ions  of t h e  form 

m i s  a pos i t i ve  in t ege r  and f i s  resolved i n  

Function f m u s t  be f i n i t e  i n  t h e  i n t e r v a l  o/a&I. - Fuchs' condi- 

t i o n s  obta in  a t  po in t s  z = 0 and z = 1; r being t h e  pos i t i ve  roo t  of t h e  

determinant equation r2 + r - m2 = 0, t h e  only f i n i t e  so lu t ion  z = 0 
being wr i t t en  

The coe f f i c i en t s  a e s t a b l i s h  the  equation of  recurrence P 

For z = 1, t h e  series ( 5 )  i s  divergeat,  except that. if  s = s = 
~- mP 

p(p  + 2) + (2p + l)r, ap+l i s  then  zero, a s  are a l l  t h e  following coe f f i -  

c i en t s .  
mial f I n  t h e  p a r t i c u l a r  

To each of these  p a r t i c u l a r  values the re  corresponds a polyno- 
t h a t  satisfies t h e  conditions of t h e  problem. 

mP 
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case i n  which m = 0, t h e  d i s t r i b u t i o n s  a r e  of revolution, equation (4) 
i s  t h a t  of Gauss, and t h e  polynomials f are Jacobi ' s  polynomials. OP 

The fmp polynomials are orthogonal. Indeed, l' f m p - f m n * ~ ~ d s = o .  

L e t  us  now consider t h e  case i n  which t h e  d i f fus ion  c o e f f i c i e n t  i s  
constant across t h e  sec t ion ,  

value of k*z ( l - z ) ,  or k/6, t h e  d i f f u s i o n  equation then becomes 

Taking f o r  t h e  value of kl t h e  average 

and t h e  so lu t ions  are 

C=(bm,cosmO -I- cm7sinm0) d m & . J m ( z m  

t h e  r o o t s  of t h e  expression 

t h e  l i m i t s ,  fu rn ish ing  t h e  proper values s 

The proper values s, are given by equation 

&(Kq), which expresses t h e  condition a t  
~ /I- - - - 

mq 

mP 

/3 It can be  seen i n  t h e  following t a b l e  t h a t  they are c lose  t o  t h e  
proper values s 

mq 
- .. 

na... 0. 
0 .......... 0 

I .......... 3 .......... 8 .......... 15 
0 .  ......... 0 

I . . . . . . .  .... a,44 

r7,94 
smq a A . . . . . . . . .  8,ar ! 3 .......... 

1. 
0 , 6 1 8  
4,854 
11309 

I9,33 

4,737 
1a,14 

0,565 

aa, 838 

2.  
1 ,561  
7,863 

15,81 
25993 

7,495 
I ,860 

r6,56 
9899' 

4. 
3,531 

I3959 

39,7a 
4,713 

14,36 

4% , 47 

a5,66 

s6,80 

Note: commas i n  t h i s  table  represent  decimal po in ts .  

Translated f o r  t h e  National Aeronautics and Space Administration by 
John F. Holman and Co. Inc.  


